where "a" is the cylinder radius, and k2 is the wave number of the infinite medium containing the dielectric cylinder of wave number fc, . The first equation has been considered by Franz and Beckmann [7] ; however, their results are mainly qualitative and not completely correct.
The asymptotic solution of the first equation is outlined in this paper for large, real values of k^a and /c2a, with < k2a. This choice was made in the hope that the results would be useful in problems of scattering from ionized gas columns, such as plasmas or meteor trials. The solution with kxa > k2a or with kid complex may also be obtained by the methods developed here as may the solutions of similar equations arising in problems of scattering by spheres.
The second equation will be considered elsewhere.
Solution.
The problem is to determine, for given x and y, the values of v which satisfy the equation where x = k2a, y = k^a and y < x. Since the replacement of v by -v leaves equation (1) unchanged, its roots must be symmetrically located with respect to the origin. It is therefore necessary to examine the equation only in half the complex v plane, and we arbitrarily select the right half plane, Re (v) > 0.
The solutions will be developed as asymptotic series in x or y by means of appropriate approximations for the Hankel functions. Since each of these forms can be used only within certain ranges of the parameters v, x, and y, the right half v plane must be divided into five parts as shown in Figure 1 , and suitable expansions developed for each region. Regions 1, 2, and 3 are separated by the lines which contain the zeros of the Hankel functions and their derivatives (see Appendix A). Regions 4 and 5 are circular regions with radii | v -y \ -0(y1/3) and | v -x | = 0(x1/3). Since the order symbol as it is usually defined [11] does not specify a particular constant, regions 4 and 5 do not have specific boundaries. We can distinguish two cases:
(1) x -y = 0(a:). Regions 4 and 5 do not overlap; (2) x -y = 0(x1/3). The two regions do overlap. Case 1: x -y = 0(x). In this case the circular regions are well separated, and the roots of equation (1) for large x and y are located in the vicinity of the solid curves of Figure 1 . To see this, we note that far from these curves, when | v -x \ -0(x) and | v -y \ = 0 (y), both Hankel functions may be accurately represented by a single exponential function (see Appendix A). If the appropriate asymptotic forms, (A.6) and (A.7), are substituted in equation (1) , the result in all cases is (v2 -x2)l/2 -(/ -y2)U2 + 0(1) = 0.
Transposing, squaring, and employing x -y = 0{x) yields x2 -y2 = 0(x) or 0(x)2 = 0(x), which cannot be an equality for large x. It follows that for large x and y no roots exist which satisfy the order conditions stated above.
In region 4, where | v -y \ = 0(y1/3), \ v -x \ = 0(z) and x -y = 0(x), the expansion for the roots of equation (1) can be found by means of the asymptotic forms:
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In the latter representation p(y, v) and q(y, v) are the Schobe polynomials of (A.9a) and (A.9b) truncated at m = 3 so that the neglected terms in both approximations are of the same order. Ai{rj) is the Airy function of the first kind (Appendix B) and the prime indicates differentiation with respect to the argument. To this degree of approximation, equation (1) 8N(x2 -V2) and N = y/x.
To solve (2a) subject to (2b) and the definition of q, we use the fact that all derivatives of Ai(rj) may be expressed as appropriate polynomials in t] multiplied by Ai(rj) and Ai'(ri) (see Appendix B). We then seek solutions of (2a) for large r, i.e. N = y/x -» 0, which implies that the relative dielectric constant of the cylinder is small compared to unity. Since Ai'{ri) is finite for all finite v [12], the left side of (2a) is unbounded only at the zeros of Ai{i)). Finite zeros of Ai(rj) occur only when r] is real and negative. We therefore make the change of variable
and expand Ai'(ri) and Ai(rj) in Taylor Equation (6) may be solved for v by an iterative procedure. The zeroth-order approximation is found by dropping all terms on the right except the first, with the result qo{y,v) = -v0e~*i/3 + 0 (y-1/3).
On the left we use the first term of expansion (A.9b),
where
It follows that
This approximation coincides with the zeroth-order asymptotic roots of H(,2)(y) = 0 in the lower half plane of figure 1. Higher order approximations for v may be obtained by substituting v(0) in equation (2b) for T. This enables one to calculate a first order approximation for the right hand side of (6) . Similarly, a first order approximation for the left hand member, using (A.9b), yields an equation which can be solved for vw. Thus 
we obtain
Equating the coefficients of equal powers in (11) and (13), we find that
This process may be carried as far as time and the initial accuracy of equations (2a) and (2b) will allow. Two additional iterations using (A.6) give an expansion to 0 (y~2):
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Formula (15) separates naturally into two parts. The first of these does not depend on the refractive index, N, of the cylinder; indeed it is all that remains as N -* 0(x -» °°). Examining equation (1) in this limit, one concludes that the first part of the series must be the asymptotic solution of H™{y) = 0. Comparison of the initial terms of (15) with the results of Sommerfeld [13] and Franz and Galle [5] verifies this conclusion. It follows that for each t)0, with large enough y, this part of the series converges to roots which are located on the curve separating regions 1 and 2 in the lower half plane of Figure 1 . The second part of the asymptotic series for v contains the effect of finite N. For any predetermined rjo and N the series is only semi-convergent and must be truncated at its smallest term.
Re(i/) In the derivation of (15) the binomial, [1 + riae~w'/3/t2]1/2, was expanded in a power series on the assumption that To > I »7o | where 70 = 0-/N2 -1)1/2(t//2) 1/3. For a given index of refraction and for each root, this condition gives the limiting value of y (the smallest value of a/%) for which the asymptotic solution can be used. If the inequality is not satisfied, the solution may still be obtained. However, the terms of the resulting series oscillate and eventually increase so that it is not possible to determine where to truncate the series for maximum accuracy.
The asymptotic series (15) yields a countable infinite number of roots, each corresponding to a value t]0 ■ In summing the residue series only the first few, and in many cases only the first root will be important since each represents a wave decaying exponentially at a rate determined by the imaginary part of the root. its domain of applicability this formula is much less sensitive to the value of N than the expansion for the roots near y. On the linear scale of Figure 5 the four points bunched on the upper segment of the curve correspond to the variation of N from 0 to 0.6, which is all that the selected value, x = 16, will allow in the regime, 0(x -y) = 0(x). Case 2: x -y = 0(z1/3). When regions 4 and 5 overlap, equation (1) •exp {-2iawy/Q,2 + 0(2/~2)}.
Equating phases, we find with help of (20b) that 
The only other modification is in (22b) where x replaces y and the sign of the quadratic z term is changedThe solutions are accurate only when the expansions of equation (1) The solutions obtained here apply for real x and y. If y has a small positive imaginary part (lossy dielectric) the results of case 1 are unchanged. In case 2, z = x -y is a non-zero complex number and the roots do not migrate to infinity. For | z | <<C 1, however, the roots would have very large real parts. Their loci would not be easy to find because of the complex character of z.
Franz and Beckmann [9] , discuss qualitatively the solution of equation (1) in the first quadrant with y complex and | y \ > x. They conclude that the roots behave in a way similar to that found here for case 1. They state further that as x -* y the roots approach the solutions of //"' (x) = 0; this conclusion, as we have seen, is incorrect. The error they have made is to assume that (1 -v2/y2)1/2 may always be approximated by (1 -x2/y2)1/2 = (1 -l/iV2)1/2. This is surely not the case when x -> y or N -> 1. The roots of (x) = 0 and II[y' (x) = 0 lie on the solid curves while those of II,2) (x) = 0 and its derivative are situated on the broken curves [16] .
The asymptotic forms:
Regions I and IÎ 
